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The acoustic combustion instability of a solid rocket motor is investigated by computational fluid dynamics and

compared with theoretical results. The quasi-one-dimensional Euler equations for the unsteady flow inside the

combustion chamber and the equation for the thermal conduction inside the solid propellant are simultaneously

solved with a quasi-steady flamemodel near the burning surface. The Runge–Kutta discontinuous Galerkinmethod

is used as the platform for the flow simulation, and a numerical accuracy study is carried out. The conventional

second-order finite volume method is verified to give accurate results by comparison with the third-order Runge–

Kutta discontinuousGalerkinmethod. The growth rate versus the nozzle entranceMach number for the attenuation

case shows good agreement with the linear theory. For the growing case, it is shown that agreement is good for small

Mach numbers. The results of the stability limit show good agreement with the theory for low Mach numbers. For

higherMach numbers, the stability-limit curve of the present simulation shows a dependency on the imaginary part

of the response function. Extension to the axisymmetric problem is straightforward, and preliminary results are

obtained.

Nomenclature

a = speed of sound
c = specific heat
c� = characteristic exhaust velocity
cp = specific heat at constant pressure
D = mass diffusion coefficient
E = total energy per unit volume of fluid
ES = activation energy of surface reaction
f = frequency
f = convection flux vector
H = total enthalpy
Mb = burning surface Mach number
MN = nozzle entrance Mach number

mb = mass generation rate from the burning surface
p = pressure
Q = heat release of the gas reaction per unit mass
QS = heat release of the surface reaction

per unit mass
q = conservation quantity vector
R = gas constant, radius
Rp = pressure-coupled response function
_rb = linear burning rate
S = source term vector
T = temperature
t = time
u, v = velocity
_w�P� = product mass generation due to gas reaction
x = axial location
y = location normal to the burning surface
� = growth rate
�s = thermal diffusivity of the propellant
� = specific heat ratio
� = nondimensional acoustic pressure
� = thermal conductivity
� = reaction order
� = transformed space coordinate
� = density

Subscripts

C = chamber
E = nozzle exit
F = fuel
f = flame
N = nozzle
O = oxidizer
P = product
s = solid phase
T = throat
0 = small perturbation
^ = nondimensional quantity
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Superscripts

(F) = fuel
(O) = oxidizer
(P) = product

I. Introduction

T HE oscillatory combustion of a solid rocket motor (SRM) is
classified into acoustic combustion instability and nonacoustic

instability. The acoustic combustion instability, which is caused by
the resonance between the natural acoustic oscillation of theflow and
the fluctuation of the propellant burning rate in the combustion
chamber, causes the increase of the average burning rate and the
combustion pressure.

The theoretical analysis of the combustion instability is divided
into linear analyses and nonlinear analyses. A linear analysis is
usually based on the small-perturbation method, and the application
of the theory is limited to the case of small-amplitude oscillations. On
the other hand, a nonlinear analysis is done for a finite amplitude
oscillation. Although much recent research handles nonlinear
problems, the linear analysis is also important, because a nonlinear
phenomenon is often the result of the amplification of minute
acoustic oscillations.

In the past decades, the ability of computational technology has
improved greatly. Research on the combustion instability of SRMs is
heading for advanced simulations of multidimensional, turbulent,
and multiphase flows [1,2].

In this research, the main attention is paid on the axial-mode
acoustic stability of an SRM. In dealing with the axial-mode
acoustics, the quasi-one-dimensional (Q1D) Euler equations for the
unsteady flow inside the combustion chamber and the equation for
the thermal conduction inside the solid propellant are simultaneously
solved with a combustion model at the burning surface. The
attenuation and the amplification of the acoustic waves inside the
chamber are simulated by this method, and the stability limit and
the growth rate are evaluated. To evaluate the validity of the
mathematical model, several numerical methods are employed to
compare the results among them. The solutions are compared with
the linear analysis results at the same time. Compared are the four
numerical methods for the flow analysis, such as the Runge–Kutta
discontinuous Galerkin (RKDG) methods of the first, second, and
third orders and the second-order finite volume method (FVM).
Currently, the unsteady thermal conduction is commonly treated by
the second-order finite difference method with exponential
coordinate-system transformation.

In the following sections of the paper, themathematical modelwill
first be described and then the numerical results will be shown.
Discussion will be made on the stability boundary and the growth
rates versus the activation energy and the heat release of the surface
reaction and the nozzle entranceMach number. Also, discussion will
be made on the difference between the nonlinear numerical results
and the linear theoretical results and on the effect of the numerical
scheme precision on the results. Finally, the extension of the analysis
to the axisymmetric flows will be briefly described with other future
topics.

II. Method of Analysis

A. Mathematical Model

1. Solid Rocket Motor Configuration

Although the real combustion gas in SRMs consists of various gas
species and molten-liquid droplets of aluminum and alumina, only
the single-species gas phase is considered here. The importance of
the particulates in the acoustics in SRMs is well-recognized and it
should be one of the major extensions of the present work. In spite of
the single-gas assumption here, it is possible to investigate the
validity of themathematical model and the numerical methods by the
use of the theoretical approach.

Let us consider a domain of computation of 0 � x � xE, where xE
is the location of the nozzle exit, as shown in Fig. 1. The combustion

chamber lies in 0 � x � xC (xC < xE) and a Laval nozzle is
connected to the chamber at xC. The nozzle extends from xC to xE
with the throat at x� xT . The length of the nozzle is defined as
xE � 1:2xC to not conflict with applicability of the short nozzle
theory [3], which we will use to evaluate the acoustic attenuation at
the nozzle entrance. The xC value is set so that the frequency of the
first axial mode of acoustic oscillation is close to the resonance
frequency fr of the solid propellant combustion:

fr �
a0
2xC

(1)

where a0 is the steady-state speed of sound in the chamber. The
resonance frequency will be defined from the pressure-coupled
response function and described later.

The radius of the port cross section at x is defined as

rC�x�

�
�
RC for 0 � x � xC
RT � �RC�RT ��xC�xT �4

�x� xT�4� 2�RC�RT �
�xC�xT �2

�x� xT�2 for xC � x � xE
(2)

where RT is the throat radius, RC is the combustion chamber port
radius and, at the same time, the radius of the propellant burning
surface in this study. Both RC and RT are constant for all t.

In the steady state, the mass flow rate is constant for xC � x � xB.
Then the following relationship holds:

�NuN�R
2
C � �TuT�R2

T (3)

where � is the density, u is the velocity, and the subscripts N and T
represent the nozzle entrance and the throat, respectively.

The velocity can be expressed from the definition of the Mach
number as

uT
uN
�

������
TT
TN

s
1

MN

(4)

where T is the temperature, andMN is theMach number at the nozzle
entrance and is less than unity. TheMach number at the throat is set to
unity. If one assumes isentropic flow relationswithin the nozzle, then
the following expressions hold:

TT
TN
�
�
�T
�N

�
��1
� 1� 	�� � 1�=2
M2

N

1� 	�� � 1�=2
 (5)

where � is the specific heat ratio of combustion gas.
From Eqs. (3–5), the ratio of RC=RT can be determined by the

nozzle entrance Mach number as

�
RC
RT

�
2

� 1

MN

�
2� �� � 1�M2

N

� � 1

� ��1
2���1�

(6)

Moreover, by specifying the combustion temperature Tf0, the gas
constantR, the mass generation rate from the propellant surfacemb0,
and the combustion pressure pc, then we can determine each specific
value of RT and RC uniquely from

Fig. 1 Configuration of a solid rocket motor.

948 SHIMADA ET AL.



pcR
2
T

c�
� 2mb0RCxC; c� �

��������������������������������������������������
RTf0
�

�
� � 1

2

����1�=���1�s
(7)

where subscript 0 refers to the steady-state value.

2. Basic Equations for Fluid Dynamics in the Combustion Chamber and

the Nozzle

The governing equations for the fluid dynamics are the Q1D
unsteady compressible Euler equations with the mass addition. In a
quasi-one-dimensional formulation, the effect of the axial change of
the contour of the motor chamber and the nozzle in the source term
and in the present case appears as those including drC=dx. The mass
addition from the burning surface also appears in the source term as a
result of integration over the perimeter boundary of the propellant
grain surface. A similar approach has been used and reported in
literature [4].

@q

@t
� @f
@x
� S; t � 0; 0 � x � xE (8)

q �
�
�u
E

0
@

1
A; f�

�u
�u2 � p
�uH

0
@

1
A

S� 2

rC�x�

mb � �udrC=dx
��u2drC=dx

mbcpTf � �uHdrC=dx

0
@

1
A

(9)

where t is the time, � is the density, u is the velocity, E is the total
energy per unit volume, p is the pressure, H is the total enthalpy,
rC�x� is the radius of the port cross section at x, cp is the specific heat
of combustion gas at the constant pressure,mb is the mass generation
per unit area per unit time due to the solid propellant combustion, and
Tf is the flame temperature. The mass addition term is defined as

mb �
�
�s _rb for 0 � x � xC
0 for xC � x � xE

(10)

where �s is the density of propellant, and _rb is the linear burning rate.
Thermodynamic properties of gas and propellant are assumed to

be constant for simplicity, and standard relations are assumed:

E� p

� � 1
� 1

2
�u2; H � E� p

�
; p� �RTg (11)

where � is the specific heat ratio, R is the gas constant, and Tg is the
gas temperature.

The initial condition is defined as

q �x; 0� � q0�x� � q0�x� (12)

The first term on the right-hand side is the conserved-value vector at
the steady state and is the function that satisfies

df

dx

����
q�q0�x�

�Sjq�q0�x�;mb�mb0 ;Tf�Tf0 (13)

The second term on the right-hand side of Eq. (12) is a small-
perturbation vector. It is defined by superimposing the first-mode
standing pressure wave to the steady-state pressure field as

p�x; 0� � p0�x� � p0 cos
�
�x

xC

�
(14)

where the amplitude p0 is set to 0.1% of the combustion pressure pc.
The boundary conditions at x� 0 are for the specularly reflecting

wall imposed, assuming that there is an inert wall at the head end;
that is,

@��0; t�
@x

� @p�0; t�
@x

� u�0; t� � 0 (15)

and the supersonic outflow condition is imposed at x� xE. The
outflow condition is unsteadily imposed in the numerical simulation:
namely, the instantaneous inner-region quantities are extrapolated to
the outer ghost cell.

The governing equations for the axisymmetric fluid dynamics for
the present case are written as

@Q

@t
� @E
@x
� @F
@r
� S; t � 0; 0 � x � xE; 0 � r � rC�x�

(16)

Q �

r�
r�u
r�v
rE

0
BB@

1
CCA; E�

r�u
r��u2 � p�
r�vu
r�uH

0
BB@

1
CCA

F�

r�v
r�uv

r��v2 � p�
r�vH

0
BB@

1
CCA; S�

0

0

p
0

0
BB@

1
CCA

(17)

where �u; v� are the velocity components in the �x; r� directions, and
the total energy E is defined as

E� p

� � 1
� 1

2
��u2 � v2� (18)

In the axisymmetric description, the mass addition term does not
appear in the source term, but it appears in the boundary conditions.
The boundary conditions for the burning surface are given as

p�x; rC�x�; t� � pw�x; t�; T�x; rC�x�; t� � Tf�x; t�
��x; rC�x�; t� � pw�x; t�=�RTf�x; t��

v�x; rC�x�; t� � �mb�x; t�=��x; rC�x�; t� for 0 � x � xC
(19)

where the wall pressure pw is the instantaneous local pressure on the
burning surface and is approximated in the computation by
the pressure of the finite volume cell adjacent to the burning surface.
The flame temperature Tf and the mass generation ratemb are given
by solving the local thermal conduction problem inside the solid
propellant with the present flame model.

For the inert wall, the boundary conditions are imposed as follows,
assuming the specularly reflecting wall:

@�

@n
� @p
@n
� un � 0 (20)

where n denotes the local normal direction of the wall.

3. Basic Equation for Thermal Conduction in the Solid Propellant

Let us assume, at each station of x � xC, a semi-infinite,
homogeneous solid propellant to burn in a one-dimensional manner
to the negative direction of the y axis, that the local coordinate system
is always fixed to the burning surface. The unsteady heat conduction
in the solid propellant is described by the one-dimensional unsteady
heat conduction equation:

@T

@t
� _rb

@T

@y
� �s

@2T

@y2
� 0; t � 0;�1 � y � 0 (21)

where T � T�y; t� is the temperature of the solid propellant, and�s is
the thermal diffusivity defined by

�s � �s=��scs� (22)

where �s is the thermal conductivity and cs is the specific heat.
The initial condition for the thermal equation is defined by the

steady-state solution
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T�y; 0� � �T�y� � Ta � �TS0 � Ta� exp
�
_rb0
�s
y

�
(23)

for the boundary condition

�T�0� � TS0; �T��1� � Ta (24)

where Ta is the initial temperature of the solid propellant.
The boundary conditions for the thermal conduction equation are

defined as

T��1; t� � Ta; T�0; t� � TS�t� (25)

�s
@T�y; t�
@y

����
y��0
��g

@T�y; t�
@y

����
y��0
��s _rb�t�QS (26)

where the surface temperature TS�t� is an unknown value that must
be determined at each moment through the simultaneous solution of
the fluid dynamics and the thermal conduction. The thermal
conduction coefficient of the gas is denoted by �g, and the heat
release due to the surface reaction per unit mass of the generated gas
is denoted by QS.

4. Quasi-Steady Flame Model

Let us consider the one-dimensional combustion region and
assume it to be divided into a heating zone in a solid phase (y < 0), an
exothermic reaction surface (y� 0), and a gaseous reaction zone
(0< y � 	), as shown in Fig. 2. There have been studies by many
researchers on the flame models, and reviews on this topic are
available [5,6]. Theflamemodel employed herewas first proposed in
1976 by Hanzawa [7,8] for the theoretical study on depressurization
induced extinction of solid propellant. Within the flame layer of the
thickness 	, which is considered to be very small, the nonconstant
gaseous reaction is considered and the solution is integrated over the
thickness to get the heat-feedback amount to the burning surface. It is
also assumed that the reaction occurs through an irreversible
pyrolysis process and the gas-phase reaction through a one-step-
forward type of overall process between gaseous fuel and oxidizer,
expressed as

�F	F
 � �O	O
 ! �P	P
 (27)

where 	F
, 	O
, and 	P
 denote fuel, oxidizer, and product,
respectively. In this study, the stoichiometric mixture of the oxidizer
and the fuel is considered. The Lewis number of the gas mixture is
taken as unity. Furthermore, in the flame zone 0 � y � 	, the gas-
phase processes are assumed to be quasi steady because the
relaxation times of the processes are much smaller than those of the
solid propellant thermal conduction and the gas dynamics in the
chamber. The approximation is sometimes called tC approximation
[9], and the fundamental concept of it was put forward by Zel’dovich
in 1942 [10]. The conservation equation in the flame zone for this
case can be written neglecting the higher-order term of the injection
velocity v as

d��P�v

dy
�D d2��P�

dy2
� _w�P�;

d�v

dy
� 0;

dp

dy
� 0

cp
d�vT

dy
� �g

d2T

dy2
� _w�P�Q

(28)

where �� ��O� � ��F� � ��P�, D is the mass diffusion coefficient,
_w�P� is themass generation per unit time per unit volume, andQ is the
heat generation due to the gas-phase reaction per unit mass of the
product.

The boundary conditions for Eq. (28) are defined as�
���P�v� �D

�
d��P�

dy

��
y��0
� 0

�
d��P�

dy

�
f

� 0;

�
dT

dy

�
f

� 0

(29)

� �g
�
dT

dy

�
y��0
� �s

�
dT

dy

�
y��0
� �s _rbQS (30)

where the subscript f denotes where the gas-phase reaction
completes (i.e., y� 	). We obtain the following relation by
integrating over Eq. (28) with the boundary conditions:

���P�v�f �
Z
	

_w�P�dy� ��v�f � ��v�S � �s _rb; pf � pS

(31)

cp�s _rb�Tf � TS� � �g
�
dT

dy

�
y��0
� �s _rbQ (32)

Eliminating the right-side (�) temperature gradient fromEqs. (30)
and (32) and using the steady-state solution equation (23), we obtain

Q��Qs � cp�Tf0 � TS0� � cs�TS0 � Ta� (33)

The linear burning rate is assumed to follow the Arrhenius-type
function of the surface temperature and is defined as

_r b�t� � _rb0 exp

�
�Es
R0

�
1

TS�t�
� 1

TS0

��
(34)

whereES is the activation energy andR
0 is the universal gas constant.

For the gas-phase reaction within the flame layer, we employ a
polynomial form of the mass generation rate [7,8]:

w�P� / ���F���F ���O���OT
0 �T � TC�
 (35)

The selection of this type is based on the fact that it can bemade quite
similar to the Arrhenius-type function with a proper choice of 
;
furthermore, mathematical treatment becomes easier when the
solution is integrated over the flame thickness 	. The parameter 

may be regarded as representing the activation energy of the reaction,
and theTCmaybe regarded as the ignition temperature of the gaseous
reactants and set to the surface temperatureTS.Moreover, the amount
of heat feedback [i.e., the right-side (�) temperature gradient at the
burning surface] is expressed as follows:

�g
@T

@y

����
y��0
�K

p��Tf � TS��
_rb

� � �� 
� 1; �� ��F� � ��O�
(36)

where K is a constant and is defined as

K � �sr
2
b0

p�0�Tf0 � TS0��
	cs�TS0 � T0� �QS
 (37)

Fig. 2 Quasi-steady flame model.
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This heat-feedback law was derived based on a distributed gas-
phase reaction [7,8]. The case with a large value of � represents a
sharp flame or flame sheet, whereas the case in which � � 1
corresponds to a uniform distribution of reaction rate. Although the
latter heat-feedback lawwas first employed byAkiba and Tanno [11]
to elucidate L� combustion instability, it is often called the KTSS
(Krier, T’ien, Sirignano, and Summerfield) model because Krier
et al. [12] derived it theoretically for composite propellants. The
preceding heat-feedback law accommodates both cases. This heat-
feedback expression is useful for the fully coupled linear and
nonlinear oscillatory combustion fluid dynamic computations. It has
been used by the present authors for the nonlinear combustion
instability problem [13]. In the present paper, we highlight the
applicability of the scheme to the linear stability, which is the growth
or the decay of an initially very small perturbation. It is one of the
objectives of the study to show that we can conduct a simultaneous
simulation of the unsteady fluid dynamics and the thermal
conduction in an appropriate and less laborious fashion by making
use of Eq. (36).

Eliminating the flame temperature Tf and the right-side (�)
temperature gradient at the burning surface from Eqs. (30), (32), and
(36), we obtain

�s

�
dT

dy

�
y��0
� Kp

�

_rbc
�
p

�
Q�QS �

�s
�s _rb

�
dT

dy

�
y��0

�
�

� �s _rbQS

(38)

This equation implicitly defines the unique relationship between
the left-side (�) temperature gradient and the surface temperature
through the expression for _rb [Eq. (34)]. The quasi-steady surface
temperature is determined in the simultaneous solution of the
flowfield and the temperature distribution of the propellant using a
one-sided finite difference approximation for the left-side (�)
temperature gradient in Eq. (38), at each x station, and at each time
stage.

B. Numerical Procedure

To visualize the effect of the precision of the numerical method on
the present results, two kinds of methods are employed for
computational fluid dynamics (CFD) computation. Moreover, the
precision orderwas varied fromfirst order to third order in both space
and time. The RKDG method [14] is chosen for the platform for
various precision calculations and the conventional FVM with
second-order monotone upstream-centered scheme for conservation
laws (MUSCL) approach is also tested. The local Lax–Friedrich
scheme is used to evaluate the numerical convective flux at the cell
interface. Recently, the application of the discontinuous Galerkin
(DG) methods to the aeroacoustic problems have been studied
eagerly by several researchers [15–17], but, as far as the authors
know, the application of the DG method to the solid rocket motor
internal unsteady flow is rare.

As for the thermal conduction in the solid propellant, the basic
equation is nondimensionalized and converted through an
exponential transformation and then discretized by the second-order
finite difference method.

The temporal numerical integration is conducted by the total-
variation-diminishing Runge–Kutta method.

1. Discontinuous Galerkin Method

The RKDG methods are stable, high-order accurate, and highly
parallelizable schemes that can easily handle complicated
geometries and boundary conditions. They are rather new, compared
with the conventional FVM. Since the introduction of themethod for
the scalar problem in 1989 [18], they have been developed for
various problems and used in a wide variety of applications. Today,
they have made their way into the mainstream of computational fluid
dynamics. The combination of a special class of Runge–Kutta time
discretization and a finite element space discretization by
discontinuous approximation with the ideas of numerical fluxes
and slope limiters allows the method to be nonlinearly stable

regardless of its accuracy. Please refer to an excellent review [14]
written by the originators of the method for a detailed description.

In this study, the basic equations of fluid dynamics are discretized
by the discontinuous Galerkin method for the ith space interval
	xi�1=2; xi�1=2
 asZ

xi�1=2

xi�1=2

@qh�x; t�
@t

�‘i �x� dx� f̂�qh�
; t���‘i �x�j
xi�1=2
xi�1=2

�
Z
xi�1=2

xi�1=2

�f�qh�x; t��
d

dx
�‘i �x� � S�qh�x; t��� dx (39)

where qh�x; t� is a discontinuous approximate solution in the ith
space interval and is defined by the summation of the series of basic
functions �‘i �x� (‘� 0; . . . ; k):

q h�x; t� �
Xk
‘�0

q‘i �t��‘i �x� (40)

where the Legendre polynomial functionsP‘ are chosen for the basic
functions;

�‘i �x� � P‘
�
2

�i

�x � xi�
�

xi�1=2 � x � xi�1=2;�i � xi�1=2 � xi�1=2
(41)

When we choose the Legendre polynomials as basis functions, the
system of ordinary differential equations takes a particularly simple
form, because we can use their L2-orthogonality; that is,Z

1

�1
P‘�s�P‘0 �s� ds�

�
2

2‘� 1

�
	‘‘0 (42)

A detailed description of the usefulness of the Legendre polynomials
is available in [14] (pp. 187–188).

The numerical flux f̂ is calculated by the local Lax–Friedrich
scheme:

f̂�qL;qR� � 1
2
	f�qL� � f�qR� � C�qR � qL�


C�max	�L;�R

(43)

where � is the spectral radius of the Jacobian matrix @f=@q. The
values of qL and qR at a cell interface are determined from the local
discontinuous solutions at the neighboring cells with the use of
generalized slope limiters (see [14] for details).

The integral on the right-hand side of Eq. (39) is evaluated by the
six-point Gauss–Legendre integration formula.

The value of k determines the order of accuracy of themethod. The
spatial accuracy is k� 1. Themethod includes conventional FVM in
the case of k� 0. In the present study, the computational region in x
direction is divided into 350 intervals with clustering grid points at
the nozzle entrance region.

2. Finite Volume Method with the Second-Order MUSCL Approach

The basic equations of fluid dynamics are discretized for the ith
space interval as

�i

dqi�t�
dt
� f̂�q�
; t��jxi�1=2xi�1=2 � S�qi�t���i

qi�x� �
1

�i

Z
xi�1=2

xi�1=2

q�x; t� dx
(44)

The physical values at cell interfaces are evaluated by the MUSCL
approach with a slope limiter as

q Lji�1=2 � qi �m�q�i�1=2 � qi;qi � qi�1;qi�1 � qi�

qRji�1=2 � qi �m�qi � q�i�1=2;qi � qi�1;qi�1 � qi�
(45)

where
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m�a1; a2; a3�

�
�
s min

1�n�3
janj if s� sign�a1� � sign�a2� � sign�a3�

0 otherwise

(46)

q �i�1=2 � 1
2
�3qi � qi�1�; q�i�1=2 � 1

2
�3qi � qi�1� (47)

3. Finite Difference Method for Thermal Conduction in the Solid Phase

The basic Eq. (21) is nondimensionalized as

@


@t̂
� r̂ @


@ŷ
� @

2


@ŷ2
� 0; t̂ � 0; �1 � ŷ � 0 (48)

through the following definitions:

ŷ� _rb0
�s
y; t̂� t

�s= _r
2
b0

; r̂� _rb
_rb0
; 
� T � Ta

TS0 � Ta
(49)

The nondimensional boundary conditions are


��1; t̂� � 0; 
�0; t̂� � 
S �
TS � Ta
TS0 � Ta

(50)

K̂
p̂�

r̂

�
cs
cp

�
�
�
Q̂S � Q̂�

b̂

r̂

�
�

� r̂Q̂S � b̂� 0 (51)

where

K̂ � 1 � Q̂S

�
f0 � 1�� ; Q̂�
cp
cs
�
f0 � 1� � Q̂S � 1

r̂� exp

�
�Ês

1 � 
S

S � 
a

� (52)

b̂ � @

@ŷ

����
ŷ��0

; p̂ � p

p0

; 
a �
Ta

TS0 � Ta

Ês �
Es
R0TS0

(53)

Q̂ S �
QS

cs�TS0 � Ta�
; Q̂ � Q

cs�TS0 � Ta�


f0 �
Tf0 � Ta
TS0 � Ta

(54)

The semi-infinite space �1 � ŷ � 1 is transformed into a finite
space �1 � � � 0 through the exponential coordinate trans-
formation:

�� exp��ŷ� � 1 (55)

where � is set to 1
2
in this study. Then the basic equation is written in

the transformed space as

@


@t̂
� �r̂ � ����1� �� @


@�
� �2�1� ��2 @

2


@�2
� 0 (56)

The steady-state solution is 
0��� � �1� ��1=�. In the boundary
condition at �� 0,

b̂ � @

@ŷ

����
ŷ��0
��@


@�

����
���0

(57)

Discretization of the diffusion terms are approximated by the
second-order central difference and the inertia term is approximated
by the upwind difference. Then the final form of the discretization
can be written as

d
j
dt
� ��1� �j�

�
��r̂ � ��


nj�1 � 
nj�1
2�

�
�
��1� �j� �

�

2
jr̂ � �j

�

nj�1 � 2
nj � 
nj�1

�2

�
(58)

where� � 1=N� is the equally divided interval of the computational
space and is set to 1=50 in this study.

4. Determination of the Surface Temperature and the Flame

Temperature

The left-side (�) gradient of the nondimensional temperature at
the burning surface is approximated by the one-sided finite
difference scheme as

b̂� �
3
S � 4
nN� � 


n
N��1

2�
(59)

This equation is combined with the boundary condition

equation (51), and 
S and b̂ are solved by the Newton method.
Then the flame temperature is calculated from


f �
cs
cp

�
Q̂� Q̂s �

b̂

r̂

�
� 
S (60)

The burning rate is calculated fromEq. (52). The burning rate and the
flame temperature are dimensionalized and put into the source term
of the basic equations of the Q1D fluid dynamics equation (9).

5. Total-Variation-Diminishing Runge–Kutta Time Discretization

In the preceding section, we derived the system of ordinary
differential equations, then theywere discretized in time by using the
explicit high-order-accurate Runge–Kutta methods. They can be
written for the first, second, and third orders as follows:

First order:

q n�1
h � qnh ��tnLh

	
q�n�h



(61)

Second order:

q �1�h � qnh ��tnLh�qnh�; qn�1h � 1
2
	qnh � q�1�h ��tnLh�q�1�h �


(62)

Third order:

q�1�h � qnh ��tnLh

	
qnh



q�2�h � 1

4

h
3qnh � q�1�h ��tnLh

	
q�1�h


i
qn�1h � 1

3

h
qnh � 2

n
q�2�h ��tnLh

	
q�2�h


oi (63)

C. Theoretical Evaluation

1. Burning-Rate Response Function

It is well known that the pressure-coupled burning-rate response
function can be written as [9,19]

Rp �
_r0b=_rb0
p0=p0

� nAB

�� �A=�� � �1� A� � AB (64)
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�� �1�
�����������������
1� 4i!
p

�=2; !� 2�f
	
�s= _r

2
b0



(65)

where n is the pressure exponent of the steady-state burning-rate law,
and f is the frequency. The parameters to determine the response
functions can be calculated by the following expressions [20]:

A� ES
R0TS0

TS0 � Ta
TS0

; B� 2

H
� 1

A
; n� �

2� �H=A�
(66)

H � cp�TS0 � Ta�
�

�

cp�Tf0 � TS0�
� 1

cp�TS0 � T0� �QS

�
(67)

For the present study, we employ the values shown in Table 1. In
Fig. 3, the real part of the pressure-coupled response function is
plotted for various values of QS, with ES=R

0
fixed to 9000 K. It is

clearly seen that the resonance frequency fr is around 130 Hz for
various values of QS. We chose the value of xC as 4.15 m to satisfy
Eq. (1).

2. Linear Growth Rate of the First Acoustic Mode

As the results of the linear theory [21], the linear growth rate of the
first acoustic mode for the present situation can be written as

�� �C � �N � �FT

� a0�
RC

�
R�r�p �

� � 2

�
�
�
T 0f=Tf0

p0=p0

� � � 1

�

��
Mb0

� a0
xC

� � 1

2
MN0 �

a0
RC
Mb0

� a0�
2xC

�
R�r�p �

� � 2

�
�
�
T0f=Tf0

p0=p0

� � � 1

�

��
MN0 (68)

where R�r�p is the real part of the response function. The third relation
is derived from the relationship between the burning surface Mach
numberMb0 and the nozzle entrance Mach numberMN0:

Mb0 �
RC
2xC

MN0 (69)

The ratio of the flame temperature fluctuation intensity to that of
the pressure, �T 0f=Tf0�=�p0=p0� in Eq. (68), can be estimated by

assuming the thermodynamic process in the flame. If the isentropic
process is assumed, then one obtains

T 0f=Tf0

p0=p0

� � � 1

�
(70)

if the isothermal process is assumed, then

T 0f=Tf0

p0=p0

� 0 (71)

and for the present flame model, we get

T 0f=Tf0

p0=p0

�
�
TS0 � Ta
Tf0

�
B
	
R�r�p � n



(72)

The stability boundary can be obtained by applying the definition
�� 0 to Eq. (68).

III. Results and Discussion

A. Growth-Rate Evaluation

To evaluate the growth rate, the initial boundary problem
described earlier was solved by the present numerical method. The
initial perturbation is a cosine wave of the first acoustic mode and its
initial amplitude is 0.1% of the chamber pressure pc. The
perturbation is superimposed on the steady-state solution, also
obtained by the present numerical method. The history of the
pressure at the head end of the chamber pHE is used to evaluate the
growth rate. The growth rate � (1=s) is evaluated by fitting the result
with the function

��t̂� � Ce�̂ t̂ (73)

where

��t̂� � pHE�t̂�
p0HE

� 1 (74)

is the nondimensional acoustic pressure. The dimensional growth
rate is evaluated as

�� �̂ _r2b0
�s

(75)

In Figs. 4 and 5, typical results are shown for the growing case and the
decaying case. Two growth rates, �1 and �2, are estimated from the
upper peak and the lower peak, respectively.

Several simulationswere conducted by four kinds of discretization
methods for the sets of combination of QS and MN0 with the
activation energy set to 9000 K. Simulated cases and results of the
growth rate are summarized in Table 2. These results of the growth
rate are plotted against the nozzle entrance Mach number and
compared with the linear theory in Fig. 6 for decaying cases and in
Fig. 7 for growing cases, respectively. The values of the surface heat
releaseQS for the decaying cases and the growing cases are chosen as
548,400 and 579; 800 kJ=kg, respectively. They are chosen from
the vicinity of the stability boundary, as will be described in the
next section.

The intensity of the growth rate becomes large as the nozzle
entrance Mach number increases. From the results, it is clear that
only the first-order scheme shows significant deviation from the
others. There seems to be no possibility of the use of the first-order
scheme. Though the third-order scheme shows the most reasonable
results, its effect is not so significant. It is verified that the second-
order FVM can be applied within a reasonable accuracy for the

Table 1 Values of combustion parameters

Properties Value

� 1.0
� 4.0
Ta 300 K
TS0 900 K
_rb0 5 � 10�3 m=s
Tf0 2800 K
cs, cp 1381 J � K=kg
�s 1:5 � 10�7 m2=s
QS 248–610 kJ=kg
ES=R

0 7500–12,000 K

Fig. 3 Real part of the pressure-coupled response function.
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present problem. Currently, the accuracy control is made only for the
fluid dynamic part of the simulation. It is natural to think that it is
necessary to extend the control over the thermal conduction part
before the final conclusion.

There is a common tendency that the present prediction gives
moderate intensity of the growth rate comparedwith the linear theory
for both growing and decaying cases. For the decaying case, the
deviation between the theory and the simulation is small, such that a
2% decrease of the theoretical nozzle admittance can fill the
difference. On the other hand, for the growing case, the difference
from the linear theory becomes larger as the nozzle entrance Mach
number increases. The reason for this can be attributed to the growth
of the nonlinear effect for the higherMach number in growing cases.

B. Stability Boundary

Because the nonlinear equations are solved directly in CFD, the
influence from the terms of all the orders of the nozzle entranceMach
number is contained in the growth rate. On the other hand, in the
linear analysis, only the first-order term ofMN0 is considered. From
the theoretical expression of the growth rate [Eq. (68)], we can
evaluate the linear stability boundary. For example, for isentropic
flame,

R�r�p jstability boundary �
� � 2

�
(76)

Fig. 5 Nondimensional acoustic pressure at the head end of the

chamber: decaying case.

Table 2 Summary of growth-rate results for all simulation casesa

Growth rate, 1=s

First-order DG Second-order DG Third-order DG Second-order FVM

ES=R
0, K QS, kJ=kg MN0 min max min max min max min max

9000 548,400 0.1 �2:22 �1:54 �2:19 �1:95
9000 0.2 �17:5 �11:1 �4:75 �3:76 �4:67 �3:83 �4:79 �4:31
9000 0.3 �7:29 �6:97 �7:47 �7:23
9000 0.4 �18:8 �18:8 �10:7 �10:6 �10:7 �10:4 �11:1 �10:8
9000 579,800 0.1 16.5 16.8 16.2 16.8
9000 0.2 22.9 25.4 26.3 27.6 27.5 28.1 27.6 29.3
9000 0.3 36.6 41.3 35.8 39.2
9000 0.4 34.6 37.1 37.4 45.4 41.5 45.6 37.4 46.5

aDG is the discontinuous Galerkin method and FVM is the finite volume method.

Fig. 6 Results of growth rate vs nozzle entrance Mach number:
decaying cases.

Fig. 7 Results of growth rate vs nozzle entrance Mach number:
growing cases.

Fig. 4 Nondimensional acoustic pressure at the head end of the

chamber: growing case.
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In Fig. 8, the stability limit obtained by the linear theory and that
obtained by the present nonlinear computation are drawn as contour
curves in the complex-response-function field for several values of
the Mach number at the nozzle entrance. The simulation results for
the cases were obtained [22–24] by the third-order FVM with the
fourth-order Runge–Kutta explicit time discretization. The Roe
scheme is used for the numerical flux. The region in x is divided into
1080 intervals nonuniformly, and 800 cells are used in the nozzle.

The stability limit of the linear analysis is shown by the dotted line,
which is parallel to the imaginary-part axis. The numerical analysis
result for a lowMach number (MN0 � 0:118) is close to the line. On
the other hand, for the Mach number to become high, the stability-
limit curve declines counterclockwise. This shows that the nonlinear
stability limit depends on the imaginary part of the response function,
too.

It is known from the linear analysis that the growth rate of the
second order depends only on the imaginary part of the response
function. Therefore, when the imaginary part of the response
function vanishes, the growth rate depends only on the first-order,
third-order, and higher-order terms. For the level of Mach number at
the nozzle entrance, the third-order terms are one order smaller than
the first-order term. Therefore, the growth rate substantially depends
only on the first-order term; for that reason, it is thought that the
curves of the stability boundary cross the real axis at a similar point.

C. Preliminary Results of Axisymmetric Simulations

It has been pointed out in the literature that there are physical
limitations of the quasi-one-dimensional model. One of the most
important mechanisms of multidimensional acoustic energy
generation is the vortex-shedding phenomenon. Flandro and Jacobs
[25], Flandro [26], Majdalani and Van Moorhem [27,28], and
Kirkkopru et al. [29] resolved these more realistic transient-flow
processes, addressing vorticity generation at injection surfaces due to
an inviscid interaction between the acoustic pressure gradient
imposed on the surface and the injected fluid. The basic point here is
that a significant amount of energy is present in the vorticity
disturbance relative to that in the acoustic disturbance. It follows that
the classical irrotational linear stability theory cannot provide an
accurate description of flow transients, because the rotational
component of the flow disturbance is absent. Experiments [30,31]
show that the vortex-shedding account is indispensable to explain the
acoustic energy enhancement in segmented solid rocket motors.

The present preliminary axisymmetric calculations may include
these effects, because the full Euler equations are used in the
simulation. It should also be pointed out that in a model fully
incorporating transverse (radial) effects, mass addition fluctuations
are the source of axial acoustic disturbances in long, narrow
chambers. This effect is seen indirectly in the quasi-one-dimensional
model in Eq. (9), through the time dependence of themb term.Hence,
in the present coupledmodel, one would find an acoustic disturbance
field considerably more complex than that used in the quasi-one-
dimensional model.

The grid system used for the simulation consists of 340 points in
the axial direction and 50 points in the radial direction for the fluid
dynamic computation and is shown in Fig. 9. It should be noted that
the axial scale and the radial scale are not the same, but the former is
eight times more compressed than the latter.

Naturally, the axisymmetric flowfield differs substantially from
that of the Q1D case as the Mach number contours, as shown in
Fig. 10. Therefore, the comparison is made using the Mach number
defined by the Q1D simulation for the common motor geometry.

The stability boundary for the case of axisymmetric flow is
investigated under the conditions of the Q1D simulation and
preliminary results are obtained [32]. Also, the growth rate as a
function of the nozzle entrance Mach number is evaluated, and the
results are compared with the linear analysis and the Q1D
computation.

The results of the growth rate obtained by the axisymmetric
simulation are shown in Figs. 11 and 12 for the decaying cases and
the growing cases, respectively. Currently, axisymmetric results
show stronger attenuation in both cases, especially at the higher
Mach numbers. So far, detailed precision study has not been done on
the axisymmetric simulations. Therefore, the reason for the
discrepancy with Q1D cases may be attributed to the numerical
dissipation that exists in the current FVM methods or in the grid
system. It is worth trying to extend the higher-order RKDG scheme
to the axisymmetric problems in the future.

For the Mach number beyond 0.3, the growth rate of the
axisymmetric case notably decreases; although that symptom is also
seen in the Q1D case, the degree of decaying is very significant. This
may be attributed to the energy transfer to the radial mode excitation

Fig. 8 Stability boundary by the linear analysis and the quasi-one-

dimensional computation.

Fig. 9 Grid system for the axisymmetric case.

Fig. 10 Mach number contours near the aft end of the chamber.

Fig. 11 Growth rate vs nozzle entranceMach number: decaying cases.
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in the axisymmetric case, but, again, that is not easy to conclude,
because the resonance frequency of the radial mode is higher than the
axial frequency by the ratio of xC=�2RC� � 30 and cannot be
activated easily.

IV. Conclusions

We developed a mathematical model and numerical schemes for
the prediction of the linear stability of solid rocketmotor combustion.
The method is robust and accurate for the quasi-one-dimensional
problems by the use of the quasi-steady flame model. Extension to
the higher dimensions is straightforward, but current preliminary
results show that careful examination of the numerical precision is
necessary. In addition to this precision study, the inclusion of the
particulates and efficient computational technique development are
future challenges.
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